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Introduction

Different Types of Noise - Interference Noise

Unwanted interaction between circuit and noise sources

Noise sources not always easy to identify and localize

Can be random or deterministic

Examples: power supply noise, capacitive coupling, substrate coupling
Can be reduced by careful wiring, layout and grounding
Interference noise will not be covered here

David Johns and Ken Martin, Analog Integrated Circuit Design, 15 ed., Wiley 1997.
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Introduction

Different Types of Noise — Inherent Noise

= Noise generated in active and passive devices (mainly resistors)

= Random noise due to fluctuations of physical quantities such as the carrier
velocity

= Since source is random —> it can be reduced but NEVER eliminated
= Examples: thermal noise, shot noise, and flicker noise

= Not strongly affected by wiring or layout

= Noise can be reduced by proper circuit design

= To design low-noise circuits requires understanding the parameters that determine
the noise sources and how these noise sources propagate in the circuit

= Requires tools for analyzing and optimizing noise

David Johns and Ken Martin, Analog Integrated Circuit Design, 15 ed., Wiley 1997.
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Random signals and noise

Random Process — Definition

Py (X,1)
A

o

= The fluctuation of physical quantities can be mathematically modeled by a
random or stochastic process

= A random process or stochastic process can be defined as a family of function
x(t), where x(t = t,) is a random variable which has a 1s-order distribution
function p, (x, t)

= The instantaneous amplitude of the signal x(t) at time t, cannot be predicted
since it is a random variable
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Random signals and noise

Random Process — Mean Value, Autocorrelation

= The mean or expected value m,.(t) is obtained by averaging the amplitude x at

a given time ¢t over all possible values
+00

me () = E[x(0)] & f X (6, t) - dx

= The autocorrelation function (ACF) evaluates the statistical dependency between
two instantaneous values at time t; and t,,

+00
Ry (ty,t5) = E[x(t)x(t)] 2 j j X1 - Xy - Py, X0 by, £3) - dxy X,

= where x; = x(t1), x, = x(t;) and p,. (x4, x5, t1, t;) is the 2"9-order
distribution function of process x(t)

= The autocovariance function is defined by
Cr(ty, ) = E[(x(t1) — mx(t1))(x(t2) — mx(tz))] = Ry (tq,t3) — my(t1) - my(t;)

A. Papoulis, Probability, Random Variables and Stochastic Processes, 1t ed., 1981.
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Random signals and noise

Random Process - Stationary Process

= The random process is called stationary in the wide sense if its mean value is

constant and its autocorrelation function only depends on the time difference

T=1t,—t;

m, = constant
Ry (t1,t3) = Ry(7)
Cy(t1, 1) = Co(7) = Ry () — mazc

= Note that C,.(t) = R,(7) form, = 0
= The normalized autocovariance function (or correlation coefficient) is defined as

0, (7) = C’;(ZT) where o2 = C,(0) is the variance

X

= For real processes R,.(7) and C,.(7) are even functions
R, (1) = Ry (—7) and C, (1) = Cy(—7)
= and have the following properties
C,(0) =02 R,(0) =0 —m2and p,(0) =1

A. Papoulis, Probability, Random Variables and Stochastic Processes, 1t ed., 1981.
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Random signals and noise

Random Process - Ergodic Process

= A process is said ergodic when time average is equal to ensemble average
T

1
x_Th—{EloT fx(t)-dt—E[x]—mx
0
. T
x2 = Jim — sz(t) . dt = E[x%] = R,(0)
0

A. Papoulis, Probability, Random Variables and Stochastic Processes, 1t ed., 1981.
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Random signals and noise

Random Process — Power Spectral Density (PSD)

= Noise corresponding to a stationary process x(t) is often characterized in the
frequency domain by the Power Spectral Density (PSD) which is the Fourier

transform of its autocorrelation function
+00

S.(f) = FIR, (1)} = j Ry (t)e ™1™ Tdy
Ry(x) = FLS, ()} = f S,(fet2mTdf

= PSD unitin [V4/Hz] if x(t) is a voltage or [A%/Hz] if x(t) is a current
= The above definition use the bilateral Fourier transform (so watch out factor 2)!

= Usually the unilateral PSD S;f () is measured or simulated. It is related to the
bilateral Fourier transform by
0 for f <0
S(f) =1 Sx(f) forf=0
25, (f) forf >0

A. Papoulis, Probability, Random Variables and Stochastic Processes, 1t ed., 1981.
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Random signals and noise

Random Process — Power and RMS Value

= The total power associated to the random process x(t) is simply obtained by

integrating its PSD over frequency
+ 00

Po= | ScNAf = R(0)

= The total power corresponds to the square of the RMS value
= For anoise voltage PSD

+00 +00
V2o = j Sy (F)df = j St (F)df
—00 0
= For a noise current PSD
+00 +00
12y = j Se (F)df = j St (F)df
—00 0

A. Papoulis, Probability, Random Variables and Stochastic Processes, 1t ed., 1981.
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Random signals and noise

Random Process - Cross-correlation and Cross-PSD

= |f we have two real jointly stationary processes x(t) and y(t), we can define their
cross-correlation function (CCF) and cross-covariance by

Ryy(®) = Elx(t + 1)y (0)]
Cry(T) = E[(x(t +17) —m)(y(t+71) — my)] = Ryy(t) —m, -m,

= The normalized cross-covariance is defined as

Cxy (7)
Oy * Oy

Pxy (1) =

= Two processes x(t) and y(t) are uncorrelated if C,.,,(7) = 0

= The cross-PSD of the two real jointly stationary processes x(t) and y(t), is the

Fourier transform of its cross-correlation function
+ 00

Sy () = FlRey(@) = | Rey(e 277z

— 00

A. Papoulis, Probability, Random Variables and Stochastic Processes, 1t ed., 1981.
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Random signals and noise

Noise Summation and Correlation

= |fz(t) = x(t) + y(t) is the sum of two real stationary processes, then
R, (1) = Ry (1) + R, (7) + Ryy (r) + Ry (7)

= |n case processes x(t) and y(t) are uncorrelated, then
Cry(T) = Cyy(T) = 0 = Ry, (1) = Ry (r) = mymy, = R,(7) = R, (7)) + Ry (7) + 2m,m,,

If in addition m,, = 0 or m,, = 0 (or both), then
R, (1) = Ry (1) + Ry(T)
In this case the variance of z(t) is given by
R,(0) = 07 = R,(0) + R, (0) = o5 + 0y

In case process x(t) and y(t) are correlated and m, = 0 or m,, = 0 (or both),

then the variance is given by

o7 = 05 + 0 + 2co,0, where ¢ = p,,, (0) = p,,,(0)

where c is the correlation coefficient
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Random signals and noise

PSD at the Output of a Linear System

transfer function H(f)

X(t) Linear y(t)
Sx(f) system Sy(f)=?

= Assuming the input is a stationary random process x(t) having a PSD S,.(f),
the output y () will also be a stationary random process having a PSD S, (f)

given by
Sy(f) = IH(OI? - Sk (f)
= The above relation is called the Wiener-Kintchine theorem

= The linear system could be a filter which shapes the input noise according to its
square magnitude (phase does not play a role in this case)

= |fthe input is a white noise S, (f) = S, = cte, the output PSD is then
proportional to the square magnitude of the filter transfer function

A. Papoulis, Probability, Random Variables and Stochastic Processes, 1t ed., 1981.
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Random signals and noise

White Noise

R (s S,(0 4
S
Ry (7) =S¢ -0(7)
> T » |
RX T)a Sx(f) A
g 2BS, S,
/ 1/2B
/\ / /\ » T > f
~oU YUY B +B
R,()s S,(f) 4 .
o) SO Sx (f) - 0 2
Moe el />( 80/2 1+(f/fc)
T 1 » T > f
- +1 —fc +fC
2. 2,
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Random signals and noise

Noise in Frequency and Time Domain (1/2)
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Random signals and noise

Noise in Frequency and Time Domain (2/2)
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Random signals and noise

Typical PSD Shape (output-referred)
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Random signals and noise

Equivalent Noise Bandwidth

P =5

out

(0)-2B,

____________

i i >

+f, +B, f

= The equivalent noise bandwidth of a low-pass noise PSD is defined as the bandwidth B,, of an
ideally low-pass filtered white noise having the same value S,,,;:(0) (at f = 0) and the same

power P, than the original noise

B _1 1
"7 2 Spu(0)

+

3 Pout
Sout (f) - df = 25, (0

= |fthe input noise is a white noise of PSD S, the output noise is then given by S,,,: (f) =
|H(f)|? - S, and the equivalent bandwidth only depends on the transfer function

A S S O 'TOIH(f)IZ'df
"2 HOPS, ° HO)I? )

co

(0e]
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Random signals and noise

Equivalent Noise Bandwidth of a 15t-order LP Filtered White Noise

i

= The equivalent noise bandwidth of a 1s*-order low-pass filtered white noise with
a cut-off frequency f is given by

+00 T

5= | Yy £ Iy
0

1+ (f/f.)2 14+x2 2

N —
g

_I
2
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Random signals and noise

Noise Bandwidth of Various Filters

Type Noise Transfer Function Noise Bandwidth
1 w
t _¢
1st-order LP 1+ S 1
a)C
! Q
2"-order LP N ( s )2 a)04
wo * Q Wy
S
wo * Q )
2"d-order BP > > -0
145 o ( S ) 4Q
wo * Q Wy
1+ )
2"d-order LP Wy wg * Q - (a)0>
. 2 ° —
(with zero) 145 . ( S ) 4 W,
wo * Q Wy

1. In the case of the bandpass filter the dc gain H,(0) is zero and should be replaced in the above
definition by the gain at the resonance frequency which in the above case has been set to one.
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Random signals and noise

Higher Order Transfer Functions

3rd.order LP
2
I H . nzS +Tl1$+n0
" j—
Noise transfer function: H,3(s) e irdosTrd e
: - 1n2d,do+n3dsdo+nddsd,—2n,nydsd
= Noise bandwidth: B, = =2%1do*Nid3dotNodsdy—2NyNodsdo
n3 Ty ds(dyd,—dsdg)dg
4t.order LP
' : Nn3s34+n,s2+n,;s+n
= Noise transfer function: H,.(s) = 3 2 15+7o

dsst+dzs3+d,s?+d s+d

Noise bandwidth:

B - 1nidzd3+2n3n,dyd,dg—nidyd,do—n3dadidog—nidadsdg—nddadsdy+2n,ngdadsdo+nidsd,
n4 Ty da(dad?—dzdyd,+d3dg)d,

A. Dastgheib and B. Murmann, “Calculation of Total Integrated Noise in Analog Circuits,” TCAS |, vol. 55, no. 10, Nov. 2008.
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Random signals and noise

Contribution of 1/f Noise to the Total Noise Power

= The PSD (single-sided) of an amplifier including the 1/f noise component can be written as

o (14 te

= where S, is the white noise component and f;, the corner frequency (frequency at which the 1/f
noise becomes equal to the white noise)

= The noise power assuming the noise is filtered by a 15-order low-pass filter having a cut-off
frequency f. is the given by

+ 00
Sn(f)
Vz = j n - d
e (TAL
= We then can define an equivalent noise bandwidth B,, including 1/f noise defined as
+00 + 00 +00
N Vnz 1+ fk/f dx dx
Bn:S_o_f 1+(f/fc)2'df_fC'J Tz e j x-(1+x2)
0 0 Xp

= wherex £ f/f.and x, = f,/f, < 1. Itis convenient to choose f, = 1 Hz

fk fc fc n fc
_fc 1+<f£> ] fc+fk1n<f€>:§fc +fkln<1HZ>

= We see that the contribution of 1/f noise to the total noise power is scaling only with the Inf,
whereas the white noise scales proportionally to £
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Main noise sources of circuit components

Main Noise Sources of Circuit Components

Three main sources of noise:
= Thermal Noise
» Due to thermal excitation of charge carriers
» Appears as white spectral density
= Shot Noise
» Due to carriers randomly crossing a barrier
» Depends on dc bias current and is white
= Flicker Noise
» Due to traps in semiconductors
» Has a 1/f spectral density
» Significant in MOS transistors at low frequencies
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Main noise sources of circuit components

Thermal Noise — The Equipartition Theorem

= Every closed physical system at temperature T contains energy of average
amount kT /2 per degree of freedom, where k = 1.38 - 10723 J /K is the
Boltzmann constant

= Consider a gas of electrons having a Maxwellian velocity distribution

_mv?
«e 2kT

P(V) = | 20kT

where p(v) - dv represents the probability of finding one electron having a
velocity comprised between v and v + dv

= The average energy of the electron at equilibrium is given by
+00
W=E[m”2—2] =%E[v2] =§f vz-p(v)-dv=k7T
0

= Hence, for a one degree of freedom system, we have
mv? kT

2 2

C. Kittel, Elementary Statistical Physics, John Wiley, 1958.
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Main noise sources of circuit components

The Nyquist Theorem - Microscopic Derivation

U
s )
| y Z A: section
O—— — |7 n. electron density
> X
0 L

= The voltage is given by Ohm'’s law
U=R-I=R-A-J=R-A-n-q-v
= where A is the section, n the electron density and v is the drift velocity along the
x axis, averaged over the ensemble of electrons N

pv=—-TuWthN=n 4L

= The voltage U is then given by
q-R

‘R
UZqT'Zivi =Ziuiwhereui ZT'vi

C. Kittel, Elementary Statistical Physics, John Wiley, 1958.
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Main noise sources of circuit components

The Nyquist Theorem - Microscopic Derivation

= |fnodc current flows,then] =0, U =0andv =0
= On the other hand the variances are non-zero
v2 = E[v?] # 0and U2 = E[U?] # 0
= Assuming no correlation between electrons, the ACF of U is given by
N/
Ry(1) = %Ry, () = (£7) - 3, Ry, (z) where Ry, (1) is the ACF of v,

= If v; has a Maxwellian distribution then R,, (7) is given by
|z]

Ry,(D) = Ry, (0) - e ™
= where 1, is the relaxation time or mean time of flight of the conduction electrons

= R, (0) can be found using the equipartition theorem according to
2

vi _m _ KT ohi i _ kT
m—-=- R, (0) = > which results in R, (0) = -
= The ACF of the voltage is then simply given by
2
qg-R\" kT _I
RU,(T):N.(T> .E.e To

C. Kittel, Elementary Statistical Physics, John Wiley, 1958.
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Main noise sources of circuit components

The Nyquist Theorem - Microscopic Derivation

The corresponding bilateral PSD of the noise voltage is a Lorentzian spectrum
q-R\*> kT 27,
Sulf) =N (T) ‘m 1+ (2nf1y)?
= Usually in metals at room temperature 7, < 10~13s and hence 2nf7, < 1
qg-R\% KT

A.q2.R.
Su(f) =N - (L2) -2 205 = 2kTR - ZEL 20 for f <«

1
27T

= Recalling that the conductivity o is given by ¢ = qun and the mobility u by p =

qty/m, the resistance can then be written as
L L m

_U-Azz.qz-n-ro

= Replacing R in the above right term leads to the bilateral PSD of thermal noise
Su(f) = 2kTR

= orin unilateral form
S,(f) = 4kTR

C. Kittel, Elementary Statistical Physics, John Wiley, 1958.
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Main noise sources of circuit components

Thermal Noise — The Original Measurements by Johnson

Sth — 4‘kT ‘R

- X
‘iz 12 jx10" : 4
5ix 0

/ 0 /&‘/
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v

3

/ _ . i 6 //
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7 (voLtsy?
«
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~
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o Ca(NO;); » ¥
% 1 2 3 4 3 % 7%10° 0

0 50 100 150 200 250 300 350 400
TEMPERATURE, DEG.K

RESISTANCE COMPONENT, OHMS

= The thermal noise PSD is
» proportional to the resistance R (left figure)
» proportional to temperature T (right figure)
» independent of the current flowing through the resistor

J. B. Johnson, “Thermal Agitation of Electricity in Conductors,” Physical Review, vol. 32, pp. 97-109, July 1928.
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Main noise sources of circuit components

Thermal Noise — kT /C Noise

R (noiseless)

C ==J Ve vni@ C ==l Ve

R?:

(noisy)

= The variance of the thermal noise voltage V.. across C is given by
+ 00

V2 = 4kTR j af — AKTR - B, = 4kTR - — _ KT
¢ 1+ 2rfr)?2 no 22nRC  C

= This result can be obtained directly by applying the equipartition theorem
= Average stored energy in C is given by W = %C - ﬁ

= Since resistor R and capacitor C are in thermal equilibrium and there is only one
degree of freedom, we have
W = kT/2

= We then get C-?=kT=W=%T
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Main noise sources of circuit components

Thermal Noise in Passive Networks — The Nyquist Theorem

Noisy
passive
RLC
network

Zy(jo)

_ok

Vh

= The power spectral density (PSD) of noise voltage V;, is given by

= The variance of voltage 1/, is then given by

400

7]

0

R

Noiseless
non-
dissipative
LC
network

Zmd&))

_ok

Vi

Svn(f) = 4kT - R{Zj (j21f )}

= Or we can use the Bode theorem given in the next slide

H. Nyquist, “Thermal Agitation of Electric Charge in Conductors,” Physical Review B, vol. 32, pp. 110-113, July 1928.

A. Papoulis, Probability, Random Variables and Stochastic Processes, 1t ed., pp. 362-363, 1981.

S0, () df = 4T - [ {ZaG2np)) - df
0
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Main noise sources of circuit components

Thermal Noise in Passive Networks — The Bode Theorem

Noiseless “C. Noiseless ) Co
non- ‘J non- ‘J
dissipative dissipative
: LC : LC
network / network /
1 1
— = lim[s - Z(s)] — = lim[s - Z(s)]
Co So® Co s—0

= The variance of noise voltage 1}, can be obtained without computing the integral
by using the Bode theorem stating

2
o Cw Co

= Where C, and C, are define as follows

H. W. Bode, Network Analysis and Feedback Amplifier Design, van Nostrand Company, New York, pp. 281-282, 1945.
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Main noise sources of circuit components

Nyquist and Bode Theorems — Example (1/2)
Z(jo)

]
==clvn

Py

= The impedance is given by
Z(jw) 1 B R B R ~ wR?C
Vo) = R T jwC ~ T+ jwRC ~ 1+ (@RCZ 1+ (WRC)?

= And hence Sy, (f) = 4kT - R{Z(j2rf)} = 4KTR

1+(wRC)?

= The noise variance is then given by
+ oo + 0o

2= [ S0 af =4kTR-J

kT

df
1+ (2nf1)?

— AKTR - B,
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Main noise sources of circuit components

Nyquist and Bode Theorems — Example (2/2)

Co=C Co=?
I . 4 O \ ® o
I @ O ¢ o
L dimls 2] = lim—n =1 L imfs - 2(9)] = lim—— = 0
c, T amls 2 =M pe T g T amls 2 = pe =

= Noise variance of a 18*-order RC circuit using Bode theorem results in
A Rl AR LS .
o Cw Col C

= Just by circuit inspection without any integration!

= However, unfortunately only applies to passive circuits!

C
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Main noise sources of circuit components

Shot Noise — The Poisson Process

= The Poisson process is characterized by a sequence of independent random
events, occurring at any time ¢t;, with the same probability

= The probability to have exactly n events in the time interval [0, £] is given by

(A-0)"
pn(t) — 1l
= where A is the average number of events per second, which can be assumed to
be constant

Lot

= The average (or expected) number of events therefore grows linearly with time
+ 00

E[n]=zn-pn(t)=/1-t

n=0

A. Papoulis, Probability, Random Variables and Stochastic Processes, 15t ed., 1981.
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Main noise sources of circuit components

Shot Noise — The Shot Noise Process

x(t) y(t)
m ﬁ ﬁ ﬁ ﬁ b MM
I T — — t H(f) | T t
t, t
x(t)= ) 5(t—1;) y(0) =D h(t—1;)
k k

= The shot noise process is defined by y(t) = >, h(t — t;), where t;, are
random points in time with uniform density A

= y(t) can be considered as the output of a linear system having an impulse
response h(t) and a sequence of Poisson impulses at the input x(t) =
2 0t — ty)
= |t can be shown that the PSD is made of a DC component A% - §(f) and an
additional white noise 4
0 A-8(0) R,(1) =22+ 21-6(1) ) A2 8(7)

_ 92 A
S.(f)=22-6(1) + A
> T r P f
A. Papoulis, Probability, Random Variables and Stochastic Processes, 15t ed., 1981.
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Main noise sources of circuit components

Shot Noise — The Shot Noise Process

X(t) y(t)
Pitet — o~ MMM
| | .t H(f) | | {
tk tk
x(t) =2, 5(t—1) y(0)= ) h(t=1)
k k
R (T) . Ry (1),
: /N
Sx(f) Sy (f)
22 8(1)
: /ﬁ\
T —> f ' —>f
Re(r) =22+ 21-6(7) Ry (t) = A2 - |H(0)|? + A - f h(t + 1) - h(t) - dt
S.(F)=22-8(x) + A I

Sy(f) =22 -HQO)|* - 8(x) + A- |[H()I?
A. Papoulis, Probability, Random Variables and Stochastic Processes, 15t ed., 1981.
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Main noise sources of circuit components

Shot Noise — Current Through a p-n Junction

(O
b

= Neglecting the generation-recombination in the space charge zone

|4
Iy =1 - (eUT — 1) with U £ kq—T
= Current I; is composed of:

» I+ I, = I - e”/UT: holes injected into the n region recombining there or reaching
the ohmic contact

» —I: holes generated in the n region and collected by the p region

A. van der Ziel, Noise in Solid-State Devices and Circuits, Wiley, 1986.
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Main noise sources of circuit components

Shot Noise — Current Through a p-n Junction (cont.)

it T, average transit time
A "C
- t
9 ] " h(t) = . rect <—>
T I—l 2 Tt
1
> t with rect (x) = {1 1% <_5
0 otherwise

= Assuming that each carrier has the same probability to cross the barrier at any
time and that the average number of carrier crossing the barrier per unit time
remains constant and equal to A, the current i(t) is a shot noise process with

Aoq=Ug+1s)+1Is=1g+ 2 = I,
Si(f)=@-q)?* 8(f) +1-q* - sinc®(nfty) = I5g - 6(f) + q - Loq - sinc?(nfty)
= The bilateral PSD of the current fluctuation is then given by
Sar = q - Log - sinc?(mfte) = q - log = q - (g + 2I5) for f < 1/(mty)
= QOrin unilateral PSD the well-known expression
Sar = 2q - leg = 2q - Iy

A. van der Ziel, Noise in Solid-State Devices and Circuits, Wiley, 1986.
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Main noise sources of circuit components

Shot Noise — Current Through a p-n Junction (cont.)

= The unilateral PSD can also be written in terms of the small-signal differential
conductance G4

6= da_Is g _latls
dv  Ur Ur
= as it would be thermal noise
I; + 21
SAI =2kTGd Id-l—IS

= corresponding to full thermal noise of the conductance G4, = I, /U7 at zero bias
(V=0andI; = 0)

SAI — 4‘kT . GdO
= and “half thermal noise” for I; > I

I
Sy = 2kT - G4 = 2kT - -+ = 241,
Ur

A. van der Ziel, Noise in Solid-State Devices and Circuits, Wiley, 1986.
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Main noise sources of circuit components

Flicker or 1/f Noise (1/2)

= Random process with zero mean and characterized by its PSD

K
51/f(f) = |f|“

= with a close to one and where K is a constant

= The power (variance) in bandwidth [f,, f;,] assuming @ = 1 is given by

fn
ofp=2" f ?df=21(-1n<%>
fe

= The variance tends to infinityas f;, = o or f, = 0

= Divergence of variance at high frequency does not cause a problem since it is
always low-pass filtered

= On the other hand, divergence of variance when f, — 0 causes many
controversies and interrogations!

M. S. Keshner, “1/f noise,” Proc. of the IEEE, vol. 70, pp. 212-218, 1982.
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Main noise sources of circuit components

Flicker or 1/f Noise (2/2)

= The “problem” of the divergence of the variance when f, — 0 can be “solved”
when considering the process as non-stationary
Ry/e(ty, ) = f(t) + f(m)for0 <7 K ¢,
where t, is the age of the processand t = t, — t;

= The corresponding PSD follows a 1/f law down to frequency corresponding to the
observation time T, which is independent of the values of t, and T,

= 1/f noise has been observed as fluctuations not only in semiconductors and
electronic devices but also in many very different systems, including:

» average seasonal temperature,

» annual amount of rainfall,

» rate of traffic flow,

» economic data,

» the loudness and pitch of music, efc...

M. S. Keshner, “1/f noise,” Proc. of the IEEE, vol. 70, pp. 212-218, 1982.
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Main noise sources of circuit components

Flicker Noise in the MOST - The Mc-Worther Model (1/3)

cross-section of a MOS
transistor showing the
mobile carriers (electrons)

trapped into the oxide 0+5—&=5 Si}i where a ~ 10°% cm™
channel

tunneling time constant

oxide T, = To- e%*

1

= Carrier density fluctuation due to trapping via tunneling effect in traps located in
the oxide and close to the Si-SiO, interface

= Tunneling effect characterized by tunneling time constant z,

= The PSD corresponding to the fluctuation AN in number of electrons (holes) N due
to a single trap having a tunneling time constant z; is given by a Lorentzian PSD

2T
1+ 2rft,)?

San(f) = AN? -

= where AN?2 is the variance of AN

A. van der Ziel, Noise in Solid-State Devices and Circuits, Wiley, 1986.
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Main noise sources of circuit components

Flicker Noise in the MOST - The Mc-Worther Model (2/3)

= The variance AN?2 of AN can be assumed to be proportional to N and hence
ANZ?= [ - N resulting in
2T

SAN(f) — :8 N - 1 + (Zﬂth)z

= |t can be shown that the PSD of the drain current resulting from the charge
fluctuation in the channel due to a single trap is given by

I\’ 12 2
Sarp (f) = (ﬁ) - San(f) = 'BND 1+ (thtfrt)z

= Averaging over all time constant Tyin < Tt < Temas results ina 1/f PSD

within 1/ (2 Tspmqy) and 1/ (2T pmin)

Sup() K,
Iy f
o _ B atan(2nfTemax)—atan(2nf te min)
with Kf N ln(Tt,max/Tt,min)

A. van der Ziel, Noise in Solid-State Devices and Circuits, Wiley, 1986.
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Main noise sources of circuit components

Flicker Noise in the MOST - The Mc-Worther Model (3/3)
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®

= The above integration corresponds to summing all the Lorentzian curves
corresponding to each trap results in a 1/f power spectrum

= This is illustrated in the above plot with 9 Lorentzians equally spaced (in log scale)

S(w) = (" 1 1
w) = 1 + (G)Tt)z B (,l)t 1 [0 2
+ (i)
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Main noise sources of circuit components

Flicker Noise in the MOST - The Hooge Model

= Noise due to fluctuations of the carrier mobility
= Volume effect rather than interface effect like in the Mc-Worther model
= The current fluctuation PSD in semiconductor can be expressed as

Su(F) =7

= where ay = 2 x 1073 is the Hooge parameter, I is the bias current and N the
total number of mobile charge

= Applied to the MOS transistor, the flicker noise is often referred to the gate
(fluctuations of the gate voltage instead of fluctuations of the drain current)

= |n strong inversion and saturation (with Vs = 0), this model leads to a PSD
ag - q - Vg —Vro)
S o
wel) = o7
Inversely proportional to gate area W - L and to C,,. and proportional to V; —
VTO

F. M. Klaassen, “Characterization of Low 1/f Noise in MOS Transistors,” IEEE Transactions on Electron Devices, vol. 18, no. 10, pp. 887-891, Oct. 1971.
A. van der Ziel, Noise in Solid-State Devices and Circuits, Wiley, 1986.
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Main noise sources of circuit components

Random Telegraph Noise (RTN)

= CMOS technology scaling led to reduced gate area and lower current levels uncovering
the random telegraph noise (RTN)

= Due to trapping and detrapping of mobile charge characterized by very long capturing
and emitting time constants 7. and 7,

= The PSD of the induced drain current fluctuation due to a single trap is given by
SAllz) W 4Tr
I3 T NZ 1+ (2nft,)>?
= where 7, = (1/7, + 1/7,) "} is the carrier lifetime or effective time constant, AN?

is the variance of the fluctuations of the number of carriers in the channel and N is the
average number of carriers in the channel

= Note that AN 2 is proportional to the concentration of generation—-recombination-
trapping centers

= The PSD of the current fluctuations due to a single trap is then a Lorentzian spectrum
given by

T‘I‘ TT

T+ 1.1+ 2nft,)?

Saz =415

C. Marquez, et al., “Systematic Characterization of Random Telegraph Noise and Its Dependence with Magnetic Fields in MOSFET Devices,” in Noise in Nanoscale
Semiconductor Devices, ed. T. Grasser (ed.), Springer 2020. https://doi.org/10.1007/978-3-030-37500-3_4.
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Main noise sources of circuit components

RTN Time Signature and PSD
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0 C. Marquez, et al., “Systematic Characterization of Random Telegraph Noise and Its Dependence with Magnetic Fields in MOSFET Devices,” in Noise in Nanoscale
Semiconductor Devices, ed. T. Grasser (ed.), Springer 2020. https://doi.org/10.1007/978-3-030-37500-3_4.
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Main noise sources of circuit components

Integrated White Noise — Random Walk (Wiener Process) (1/2)

i S (closed at t=0)
S
@ C ==lv

= The integration of a stationary white (current) noise having a PSD and ACF given

by
S5i(f) = Soand R;(7) = S, - 6(7)
= (Gives rise to a non-stationary (voltage) noise with an ACF given by

( S,
oz t 0<t<T
va(t; T) = < S
2T 0<T<t
\C*
= Note that S, is the bilateral FT i.e. if i(t) is thermal noise then S, = 2kT - R

Noise in Circuits and Systems
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Main noise sources of circuit components

Integrated White Noise — Random Walk (Wiener Process) (2/2)

0.5

-24
04 L Sp=10  A/Hz
C=10fF
i S (closed at t=0)

—-’—/_ —_—
b
©  Cc= S
3
(o)
>

04 |-
-05 ] ] ] ] ] ] ] ] ]

Time [s]

= The standard deviation of the voltage (rms value) is therefore increasing with /¢

= The above plot shows the standard deviation obtained from transient noise
simulations
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Main noise sources of circuit components

Other Types of Noise

= (Generation-recombination noise

» Fluctuation of the conductance due to fluctuating occupancy of the generation-
recombination centers

= Quantization noise
» Noise introduced by the quantization of analog signal

» Not really a random signal, but can be considered as if signal is “busy” and there are
many quantization steps

» If the quantization error is uniformly distributed over the quantization step, then the
variance is given by
A2

o2 E where A is the uniform quantization step

q

u

» This noise is signal dependent and the signal-to-noise (SNR) is given by

SNR ;5 =10- log(a)% ) +6-b where a% is the signal variance and bthe number of bits
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Main noise sources of circuit components

Summary

= Thermal noise is due to fluctuation of drift velocity within a conductor and has a
PSD proportional to temperature and to the resistance S;;, = 4kT - R. Itis
independent of the current flowing through the resistor

= The variance of the noise voltage on the capacitor of a 1s-order low-pass filter is
given by kT /C, which is independent of the resistance and inversely
proportional to C

= Shot noise is due to carriers randomly crossing a potential barrier. Its PSD is
proportional to the average current Sg,, = 2q - 1

= Flicker noise is due to fluctuation of the number of carrier (Mc Worther model)
and/or of the mobility (Hooge model) and has a PSD inversely proportional to
frequency

= The flicker noise PSD of MOS transistor is inversely proportional to the gate area

= |ntegrated white noise (Wiener process) has an ACF and a variance which grows
with time
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Noise models of basic components

Device Noise — Resistor Noise

R (noiseless)

noisy R é
Vn (noiseless)
Sy, = 4kT - R SI’”‘:T

= Thermal noise with k being the Boltzman constant (k = 1.38 x 10723 J /K)
and T the absolute temperature in K

= Contrary to shot noise, the noise PSD of thermal noise is independent of the
current flowing through the resistor or voltage across it, it only depends on the
resistance R (conductance ¢ = 1/R)
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Noise models of basic components

Device Noise — Diode Noise

Ip
R
]Vv- dG InG—lAdID—ID
Ip =I5 - e"UT—l o B A y ‘ €7 R; ~adVy,  nU;
v n
Ry Gg
SVn=4kT7 Sln=4kT7=2qID

= Shot noise
= (4 is the small-signal conductance
= Noise PSD proportional to average current flowing through the diode
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Noise models of basic components

Device Noise — MOSFET (in saturation)

? flicker ?
- ID &
Nois i
y Noiseless A ID Noiseless ID ot Noiseless
— — ——
AV "\ AV 1ot
thermal
(o] (o]

Thermal noise (at the drain):
Spaiz = 4kT - G, with G,, = ¥, - G,,, and y,, = 1 for long-channel

Flicker noise (at the gate):

Savg(f) = m = 4kT - R, (f) with R,, (f) = %”and p=
Total noise at the drain:
Sutg roc ) = Sarg + G+ Sayg (F) = 4KT * Gy eor () With G eor (F) = Y * G + G - 57—

Total input referred noise (at the gate):
Savg o F) = 4KT - Ry cor (F) With Ry eor (F) = 7+ 37—

KF
4kT-CY,

C. C.Enz and E. A. Vittoz, Charge-based MOS Transistor — The EKV model for low-power and RF IC design, Wiley, 2006.
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Noise models of basic components

Device Noise - OPAMP

AV, DA
Noisy —> Noiseless
—F — h
o—|— o —
Al-

= Requires 3 noise sources

= All 3 noise sources are needed to have a model independent of the generator
iImpedance

= Current noise sources can be ignored for MOS input stage
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Noise calculation in continuous-time (CT) circuits

Noise Analysis in CT Circuits — Small-signal Circuit

GO, [ee
20 W TO W |

Circuit including all noise sources Small-signal equivalent circuit
including all noise sources

= Since noise is a small perturbation (<< U at room temperature), the circuit can be
linearized around an well defined operating point

= The output noise voltage PSD is calculated from the small-signal circuit as
K
Snout = ) He(F)I* - Se(F)
k=1

= where it has been assumed that all the K noise sources are uncorrelated

= H, are the transfer functions from each noise source k having a PSD S, to the
output
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Noise calculation in continuous-time (CT) circuits

Noise Analysis in CT Circuits — Input-referred Noise

noiseless circuit

Jvnout :> Vneql@@ _ Vnout
Small-signal equivalent circuit Noiseless circuit including equivalent input-
including all noise sources referred noise source

= The noisy circuit can then modeled by a noiseless circuit with a single input-
referred noise voltage source V., producing the same noise at the output as

that of the noisy circuit having the input short-circuited

Snont(F)
Sinea 1) = A

= where A(f) is the transfer function from the input to the output
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Noise calculation in continuous-time (CT) circuits

Example — The CS Gain Stage

——— Voo Small-signal circuit
=R including noise sources of M, and R,
AV, r Iy A & AVout A A .
«n v — AV Gm'AVin In Ino
vl =—0m "Ry + I I
L

The output noise PSD is given by
Shout = Rlz, ' (Slm + Slnz)
u Where SInl — 4 kT . GTll and SInZ — 4‘ kT . an

= With G,y = ¥y, - Gy + G2 -W#”and G =1/R;

= The input-referred noise PSD is then given by

Snout

Snin = W = 4kT - Rpjn
= With Ryip = (Gng + GTLZ)/G’I%
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Noise calculation in continuous-time (CT) circuits

Example — The CS Gain Stage

The input-referred thermal noise resistance is given by

V:
Rnin,th — G_n . (1 + 77th)
m

= where the 1, factor accounts for the contribution to the input-referred thermal

noise of the load resistance R; normalized to that of the differential pair
1

Tth =GR,

= We see that the higher the voltage gain G,,R; , the lower the contribution of the
load resistance to the input-referred thermal noise

= The input-referred flicker noise resistance is given by
P

Rninf1 = WL f

= which only includes the contribution of the transistor M1 since the load resistance
is assumed to only generate thermal noise

EPFI: © C. Enz | 2025 Noise in Circuits and Systems Slide 63



Noise calculation in continuous-time (CT) circuits

Example — Noise of the Non-inverting Amplifier

4KkT 4kT
A =1 Ry = Sz =—382 =—
v — + _ nR1 Rl nR2 RZ
RZ VnRs Vn /n+ Vneq
—> —» Noiseless -
§E - - - IR1 R §§ =
Re2 =R RsE =Ry ' °T =Ry
Vout | | Vnout VOut
= X In- = R2 =
Vil D =R, @I@ Rzé" Vi, D =R,
v v v
o J_ ’ ¢ o o

= The non-inverting amplifier has 6 noise source as shown on the middle schematic

= Assuming an ideal amplifier (except the noise) the equivalent input-referred noise
voltage PSD is given b

SVneq = Sv, T 4kT '+ R{y - Sp,_With Ri; = Ry || R,

= Contribution of Ry and R, equivalent to an additional resistance R, in series with
R and corresponding to R Il R,

= The OPAMP noise current sources start to dominate at high source impedance
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Noise calculation in continuous-time (CT) circuits

Example - 1*-order Low-pass Filter

."‘I?‘.%' I R, .‘ﬁ‘z.‘
c —— W c
R ‘ | Vieq R Il
\/in o I.'.'.'J" R 1 @ 'A'A'A'J' A
—o Vout — W &/ —o /ot
_L__ s '=I:c n ° Viout le _Tl__+
R, =R, =R Voo i@i@f |

= Assuming an ideal OPAMP (excep-t the noise where we consider a high input
impedance OPAMP and hence the current noise sources can be neglected) and
R; = R, = R, the signal transfer function is given by

v 1.
H(s) & =2 — _ with w.. =

R-C

1
T

wWc

= The output noise voltage is given by
Viout = Rmiz * Un1 — Inz) + Hpz * Vg

= Wwith
R 2+wic
Rm12 - _1_|_i and Hn3 - _1_|_i
wc wc
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Noise calculation in continuous-time (CT) circuits

1st-order CT LPF - Output- and input-referred PSD

The output noise voltage PSD is then given by

Sv. .. (f) = |Rm12(F)I? - (Slm + Slnz) + [Hnz (I - Sy,
where the noise sources PSD are given by

4kT
Sln1=51n2=—a dSV3—4‘kT Gl (1+|f|)

The output noise voltage PSD is then given by

Sv () = . (£)2 + . (£)2 - 4kT - — (1 + il

which can be referred to the input as
f 2

2 +
(%
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Noise calculation in continuous-time (CT) circuits

1st-order Low-pass Filter — Input Noise Voltage PSD
S

vneq
(log) 4
A./ &
$
f
T I >
f f (log)

2
— . 7). a fi
St (f) = 8IT R+<2+(fc>) akr- L (14 1)

—gkT - L. [k T - (}Q _li_) akT - X L. (132 li)
Gm |f|+8k +Gm ok |f|+fc

2
z8kT-#-lj;—"|+8kT-(R+#)+4kT-L-(}%) since f;, < f.
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Noise calculation in continuous-time (CT) circuits

1st-order CT LPF - Output Noise Voltage Variance

= The variance of the output noise voltage can be calculated by integrating the
output noise voltage PSD over frequency

= The contribution of the resistor R; and R, are 15-order low-pass filtered

= The corresponding noise bandwidth is then simply

B T m 1 _1_ 1
niz =9 fC‘z 2nt 4t 4RC

= The variance of the output noise voltage due to R; and R, is then simply given by

2 8kT 5 8kT ., 1 2kT
Vitout RiR, = R |Rm12(0)[* - Bpiz = T'R "ARC = C

= The contribution of V/,,5 to the output noise voltage PSD is not frequency bounded
and hence its contribution to the output noise voltage variance is infinite

= |n order to evaluate the output noise voltage variance due to V/,,5, we need to
account for the amplifier finite bandwidth
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Noise calculation in continuous-time (CT) circuits

1st-order CT LPF — Amplifier Noise Transfer Function

If the amplifier gain is assumed to be A, then the transfer function H,,3 becomes

24—
Hn3(S)= 2 C1 S
1+Z+(1+Z)w_c

= Note that for A — oo, we recover the earlier result

= |f A is simply approximated by A = w,, /s where w,, = G,,, / C, is the gain-
bandwidth product with C,. being the compensation capacitance,
H,,; becomes

24— 1+
HnB(S) = - 5 — [n3 (0) - = >
1+(2+“)”) = 145 s
We) We Wy W +wO-Q+(w0)

= with H,,5(0) = 2, w, = 2w, W5 = W, * Wy, W * Q = wy /(2 + wy/w,)
= The amplifier noise is now bounded by the frequency dependence of the amplifier
gain
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Noise calculation in continuous-time (CT) circuits

1st-order CT LPF - Total Output Noise Voltage Variance

From the table, it can be shown that the noise bandwidth corresponding to the 2n-
order transfer function H, 5 is given by

2
_ WoQ Wo _ Wy Atwy/we Wy
B,; = . [1 +( ) ] =16 Ztoy/e. - 16 for w, < wy,

= The output noise voltage variance due to V,5 is then given by

y y w, VkT
= 4kT - — - |H. .. (0)|? - B,,» = 4KkT - — - 4 - =
Vn3 Gm | n3( )l Tl3 Gm 16 CC

= The total output noise voltage variance is then given by

~ 2kT  yKkT kT Cc vk
V2 = — ( —) -
nout C + CC Cc y + C

VTlO‘LLt

C

= Since the voltage gain in the passband is unity, this also corresponds to the total
input-referred noise voltage variance

= Note thatif C. < C, the noise voltage variance at the output is then mainly
determined by the OPAMP thermal noise excess factor y and its compensation
capacitor C,. !
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Summary

= Noise is a random source of perturbation inherent to any passive and active
electronic device

= Because it is random it can be reduced by different techniques (such as filtering),
but can never be eliminated

= Thermal noise has a PSD given by S;, = 4kT - R, which is independent of the
current flowing through the resistor

= The variance of the noise voltage on the capacitor of a 1st-order low-pass filter is
givenby kT /C

= Shot noise has a PSD proportional to the average current Sg;, = 2q - I
= The gate-referred thermal noise PSD of a MOS transistor is given by S N
4KT - VYnD /Gm

= The gate-referred flicker noise PSD of a MOS transistor is almost biased
independent and given byS g = KFE/(CS W -L-f)
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